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Abstract

Abstract.

In the history of mechanics, there have been two points of view for studying mechanical
systems: The Newtonian and the Cartesian. The Cartesian point of view affirms (by using
the modern mathematical language) that it is possible to solve the dynamics problem inside
the configuration space. In this paper we develop the Cartesian approach for mechanical
systems with constraints which are linear with respect to velocity. The obtained results are
illustrated into the study of the three problem: the behavior of the heavy rigid body in the
Suslov and Veselov case and the rattleback . The first problem concerns the inertial rotation
of a rigid body about a fixed point with a non-holonomic constraints, i.e., the projection
of the angular velocity on a certain straight line fixed to the body is equal to zero. The
Veselov problem is analogous to the Suslov problem but in this case the projection of the
angular velocity is in the fixed exes in the space. The thirst problem consist into the study
a convex asymmetric rigid body rolling without sliding on a horizontal plane (rattleback).
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straint, differential equation, Lagrangian systems, Suslov’s problem, Veselov’s problem,
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1. Introduction

In the history of mechanics, there have been two points of view for studying mechanical
systems: The Newtonian and the Cartesian. In ”Philosophiae Naturalis Principia Mathe-
matica” (1687), Newton considers that movements of celestial bodies can be described by
differential equations of the second order. To determine their trajectory, it is necessary to
give the initial position and velocity.

Descartes proposed that the behavior of the celestial bodies be studied from another
point of view. These ideas were stated in ” Principia Philosophiae” (1644) and in ”Discours
de la métode” (1637). According to Descarte the understanding of cosmology starts from
acceptance of the initial chaos, whose moving elements are ordered according to certain
fixed laws and form the Cosmo. He consider that the Universe is filled with a tenuous fluid
matter (ether), which is constantly in a vortex motion. This motion moves the largest
particle of matter of the vortex axis, and they subsequently form planets. Then, according
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to what Descartes wrote in his ”Treatise on Light”, ”the material of the Heaven must be
rotate the planets not only about the Sun but also about their own centers...and this will
hence form several small Heavens rotating in the same direction as the great Heaven.”

Newton gave a simpler, but stronger, argument against Descarte’s theory. If the
Descarte’s ideas is correct, bodies are carried by the ether, and the equations of motion
are consequently of first order: the velocity of a particle depend only on its position.
However, Newton noted that some of the observed comets move in a direction opposite to
that of all the planets [Kozlov1].

In the modern scientific literature the study of the Descarte ideas we can find in the
monographic of V.V. Kozlov in which the author said ”"In the present book, one more
attempt is made to rehabilitate Descarte’s vortex theory...” . In this books, Kozlov affirms
”solving dynamics problem is possible inside the configuration space”.

As we observe , the equation of motion in the Descartes theory must be of the first
order

(1.1) % = v(z)

Hence, to determine the trajectory from Descartes’s point of view it is necessary to give
only the initial position. Descarte gave no principles for constructing the field v for different
mechanical systems.

A main achievement of Newton was perceiving that the dynamics of real systems are
described by second-order differential equations. To deduce the equations of motion to the
investigation of a dynamics systems (i.e., to first order equation), it is necessary to double
the dimension of the position space and to introduce the auxiliary phase space. However,
we are interested not in the phase trajectories themselves but in their projection on the
configuration space.

Definition

The vector field (1.1) we shall call the Cartesian vector field.

The aim of the present paper is to develop the Descarte ideas for mechanical systems
with constraints which are linear with respect to the velocity.

2. CONSTRUCTION THE CARTESIAN VECTOR FIELD
FOR NON-HOLONOMIC SYSTEM

Firstly we shall introduce the following notation and concept.
Let Q be a smooth manifold of the dimension N with local coordinates x = (!, ..., 2V)
and equipped by the Riemann metric G = (Gy;(x)).
By £(Q), A(Q), V we denote respectively the Lie algebra of vector fields on Q and
the algebra of the 1-form on Q, and the connection:

V:€(Q) x§(Q) — &(Q)

(u,v) — Vv

which is R lineal with respect to v and C'*° lineal with respect to u and is compatible with
metric G, i.e., V,G(v,w) =0, Yu,v,w € £(Q).
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Let v € £(Q) be a vector field:

Q1(01) Q1(09) Q1(0n) 0
Qar(01) Qar(09) Qa1 (ON) 0
v=det | Qp41(01) Qar41(02) Qar41(0N) A1
Qn(01) QN (02) QOn(On) AN
01 02 ON 0
where 0y = a%’ we shall consider that y,€,....Q0n, M < N — 1 are given 1-forms,
and Qpr41, Qar42, .....0N, are arbitrary 1-forms on Q. Furthermore, we assume that they

are pointwise independent i.e.

T = Ql VAN QQ N QN(81,82, ...,aN) 7é O,

The functions \;, j= M +1,...,N are arbitrary functions on Q
The vector field v has the following properties

1.
{Qj(v) =0, j=1,2,..M
Qj(V)Z—T)\j, ]ZM—f—l,,N

2.The vector v(z) = (vi(z), ..., UN(ac))T can be represented as follows

v(z) = M),
where M = (Qj(ﬁk)%k:l,__N), A=-"(0,..,0,\ns+1,..-An). or, what is the same,

N
vV = Z )\ij

j=M+1

(2.1)

where X, j = M +1,..., N constitute a maximal set of independent vector fields on Q

satisfying the constraints, in the sense that the components of X; satisfy the equations
Q(Xg)=0, j=1,. M, k=M+1,.,N

3. Let o be the 1-form associated with the vector field v, i.e.,

o= (v(z),dx) = Z Gx(z)v (v)da” = Zpk;dxk
k=1

j.k=1
then the 2-form do :

N
do = Z ajk(:r:)Qj A Qp,
jk=1

DN | —
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where A = (a;x) is a matrix such that
. 1 . .
aj = (—1)J+k_1?d0' AU A AQp. A Qj A QN(81,82, ...,8]\])

ﬁj, (Alk means that these elements are omitted.
It is clear that the contraction of do along v is

N
wdo =Y A0,

j=1

where

A= COZ(Al, AQ, ceey AN) == AT)\

We shall analyze the differential equations
(2.2) x=M"TA= Y NX;

under the conditions

Aj=0, j=M+1,.,N
(2.3) { 7 J

Y =0 A Qo AQy (01, Do, .., On) £ 0

In particular, for a constrained particle in R? we have that the first condition in (2.3) holds
if
Qy(rotv) = 0.
Corollary 2.1
For the case when M = N — 1 the vector field v takes the form

91(81) 91(82) e Ql(f)N)
Q@) Q@) ... Qu(dn)
VvV = )\Ndet QM+1(31) QM+1(82) e QMH(@N) y
Onv1(01) On1(ds) ... Qy1(On-1)
% 0s ON

where Ay is an arbitrary function.
The conditions (2.3) hold if and only if

T =01 AQo.... ANQN (01, Oz, ..., ON) # 0

where Qy is an arbitrary 1-form.



Proposition 2.1 The differential equations
x=v(z), ze€X

are invariant relationship of the Lagrangian equations with Lagrangian function

S Gy a) (@ — 09 (2) (0 — (@)

7,k=1

l\’)l»—l

L():EHX—V E

In fact, by derivation we deduce that Vg (x — v(z)) =0, or,
Vi(9xLo) = 0,

which are equivalent to Lagrangian equations with the Lagrangian function Ly given above.
It is easy to show that these equations admits the representation

Vi(0:T) = w(9f) + Vi_v(x)Pj

where
1 . 2
T = §HXH , pj=0(9))

2
w :d”‘;|| + tydo,

o is the 1- form associated with the vector field v.

We shall study the case when (2.2) and (2.3) hold. The differential equations which de-
scribe the behavior of such mechanical systems under these restrictions can be represented
as follows

a3IvIl

(2.4) Va0 T) = L

+ZA Qi(0), k=1,2,.N,

7j=1

and can be interpreted as the equations of motion of non-holonomic mechanical sys-
tems with an active potential field of force with potential U :

1
U= §||V(IE)H2 + Uy, Uy = const.

and with the reactive forces with the components

M M
ZAQ (D), Z 2)s s > N0 (0))



generated by the constraints

N
(%) =) Q;(0)i* =0, j=1,2,.N.
k=1
Corollary 2.2
If
M=N-1
Qj :de(IE), j:172,...,N—1
Oy =dfn

Then the equations (2.2)+(2.3) and (2.4) take the form respectively

, A1) ... df(0n)
« — Ay det : :
(2.5) TN i 100 - dfy (O
81 PR 8]\[
Y = dfs A dfoe. A dfn (01, Do, oy D) £ 0

1 2

N—
(2.6) V(0 T) = Qag;k Z)\NaN] )df; ().
=1

where \y is an arbitrary function.

Definition

The studying of the behavior of the non-holonomic systems by using the equations
(2.2)+(2.3) or (2.4) we called Cartesian and Lagrangian approach respectively [Sad, Ram)]
and by applying the equations deduced from the D’Alembert-Lagrange Principle we called
the Classical approach.

With respect to the proposed us approach we have the following conjectures.

Conjecture

The Cartesian and Lagrangian approach are equivalent.

This conjecture supported the following facts. First, the solutions of (2.2)+(2.3)
are solutions of (2.4) in view of proposition 2.1. Second, the solutions of the equations
(2.4) depend on the 2N — M initial conditions. The solutions of (2.2) depend on N
initial conditions and N — M functions which are solutions of the linear partial differential
equations of first order (2.3).

To illustrate this conjecture we study the following example.

Example 1
A NON-HOLONOMICALLY CONSTRAINED PARTICLE IN R?3.
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Consider a particle with the Lagrangian (3.4) and non-holonomic constraints
Mx)=d+a(z)y=0

This instructive academic example, in the particular case when a(z) = z, due to
Rosenberg [Ros]. This example was also used to illustrate the theory in Bates and Sniatycki
[Bates]. The Cartesian approach in this case produce the following vector field v :

(27) VvV = AQ(G/(Z)ax — 8y> — )\38z = )\QXQ + )\3X3

and condition (2.3) for this case takes the form
1
(28) )\Qﬂl(T’OtV) = 582((1 + GQ))\g) + (aax)\g - 8y)\3))\2 =0.

The vector field X5 and X3 are such that
Xo = a(z)0; — 0y
(2.9) X3 =0,
[Xg, X2] = 62«@(2’)855
We shall study the case when in (2.8)

A
Ao = ——m A3 = bo(2),
2 a2+1 3 2(2)

for A an arbitrary constant and by an arbitrary function.
The equations generated by the vector field v in this case are

(jj: a(z)A
V1+a?(z)
S S
YT T AT @)
\ z = —bQ(Z)

Hence the all trajectories of these equations are the following

(e N a(z)dz
SRR By

(2:10) = A/z ba(2) Cﬁ 202)




The equation (2.4) may be rewritten as

o Aa(z)
&= 0,( az(z)+1)

— uls Aa(z)
= a0
\ z :82;62(2)

Corollary 2.3
All the trajectories of the equation of motion of the constrained Lagrangian system

<R} L=_-(2%+9*+2%) - U(z), {& +a(z)y =0} >

can be obtained from (2.10) [Sad].

In this example the Cartesian, the lagrangian and Classical approach coincide.

With respect to the arbitrary 1-form we posed the following problem.

Problem

Determine the 1-form Qyryq,...Qn from the condition that the smallest Lie algebra of
vector fields on Q that contains the vector field Xaryq, ..., XN is finite dimensional.

If we assume that
X1, X0y, Xor, Xpga1y o XNy ooy, X

is a basis of this Lie algebra then

s
(Xj, Xil =) CjiXm, jik=12,.5

m=1

where X, € £(Q), j =1,2,..5 and [X, Y] is the Lie brackets of vector field X and Y, and
C’% are the structure constants.
When the algebra is three dimensional then from the Bianchi representation we obtain:

[Xl,XQ] = CLXQ + b3X3
(2.11) (X2, X3] = b1 X4

[Xg,Xl] = bQXQ — CLX3
where a, b1, by, by are certain constants

Example 2
In the example 1 we obtain a finite Lie algebra if in (2.9) the function a is such that

Da(z) =2, 2)a(z) =expz, 3)a(z)=cosz,
A brief calculation shows that for the first case
X1=0,, Xo=20,—-0y,, X3=0,
{ (X1, Xo] = X3, [X1,X3]=0, [X3,X3]=0
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which correspond to the Heisenberg algebra [Bloch].
For the second case we have

{Xl =0,, Xo=expz20,— 0y, X3=20,
[X13X2] :X3+Xla [X17X3] :07 [X27X3] =0

For the case when a(z) = cos z by introducing the vector field Xy, X, X3, X4 :

X1 = —sinz0, — 0y
Xo = cos 20, — 0y
X3 =0,

X4 =0y

we deduce the four dimensional Lie algebra:
(X2, X3] = X3+ X4

(X3, X1 = —Xo — Xy
[X27X1] = 07 [X27X4] = 07 [X37X4] = 07 [X17X4] =0

3. CARTESIAN APPROACH FOR NON-HOLONOMIC SYSTEM
WITH THREE DEGREE OF FREEDOM
AND ONE CONSTRAINTS .

The case when dimQ = 3 and M = 1 is of specific interest. We consider a natural
mechanical system with configuration space Q and kinetic energy

3
1 .
T=3 Z Grj(x)2? i
k,j=1
Obviously, in this case the 1-form ¢y do can be represented as follow

Lde' = Algl + AQQQ + AgQg
where Aj, 7 =1,2,3:

(A = Qo A Q3(v,rotv)
AQ = Ang(TOtV)
A3 = —Ang(TOtV)

1
rotv = NrrTe ((Oyps — 0:p2)0x + (02p1 — 02p3)0y + (Dup2 — Oyp1)0-, )

3
pe =Y Giv), k=1,2,3
j=1




The system (2.2)+(2.3) take the form respectively

(31) X = [Ql X, )\293 — )\392] = )\2X2 + )\3X3
T#0
(3.2) { ?
Qq(rotv) =0
where Q;(z) = (2;(0:),92;(0,)Q;(92)), 7 =1,2,3; [ X, ]is the vector product on R?.
Definition

The vector field v we call the Kummer vector field if
[v X rotv] =0

It is easy to show that the equations of motion (2.4) for N = 3 under the condition
that v is a Kummer a vector field can be represented in Lagrangian form.

Example 2
HEAVY RIGID BODY IN THE SUSLOV CASE

In this section we study one classical problem of non-holonomic dynamics formulated
by Suslov [Koz2]. In this problem we consider the rotational motion of a rigid body around
a fixed point and subject to the non-holonomic constraints (a,w) = 0 where w is a body
angular velocity and a is a constant vector. Suppose the body rotates in an force field
with potential U(~v1,72,73). Applying the method of Lagrange multipliers we write the
equations of motion in the form

Id):[lwxw]—l—hxg—g]—kua

Where
I =diag(I4, I3, I3),

v=(y1 =sinzsinz, 7, =sinzcosz, 3= cosz)

Iy, I, I3 are the inertial moment of the body.
If we assume that the vector a = (0,0,1) [Koz2], then

(1w = 7307,U — 720, U
Iwy = 70,,U — v30,,U
(Iy — I)wiwg + 7204, U — 720, U + 1 =0
Y1 = —Y3w2
Y2 = Y3w1

[ Y3 = Y1w2 — Yawi
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The above system has two independent first integrals

1
K = §(I1w% + Iw3) — U(71,72,73)

Ky =97 +93 +73

By the Jacobi’s theorem about the last multiplier, if there exits a third independent first
integral K3 which is functionally independent together with K; and K5, then the Suslov
problem is integrable by quadratures [Koz2, Mac]

To determine the integrable cases of the Suslov problem seems interesting the following
result which we can prove after straightforward calculations.

Proposition 3.1

Let us suppose that the potential function U in (3.3)is determine as follows

(3.4) U= Lt + Tapy) = h

1
21115

where 1, poare solutions of the partial differential equations

8,&2

=0
03

0 0 0
(3.5) ya(or ZR2y 0 BR2

R T A
Then the equations (3.3)+(3.4) admits the first integrals
(3-6) Lwy = p2, lws = —u

The aim of this apartat is to propose the Cartesian approach for heavy rigid body in
the Suslov case.
Let us suppose that @ = SO(3), with the Riemann metric

I3 I3cosz 0
G= | Iscosz ([ sin? z + I cos? x) sin? z + I5 cos? z (I; — I) sin x cos z sin z
0 (I — Iy)sinx cosxsin z I cos? x + Ipsin® z

detG = I, I 15 sin? z,

The given 1-form is the following 21 = dx + cos zdy. By choosing the 1-form €5, 23
as follow
QQ = dy, Qg =dz

we obtain that T = 1. Hence the vector field v is such that
V = COS )\2(2 8;,; — 8y) — Agaz = )\2X2 — )\3X3
The equations (3.1) and conditions(3.2) take the form respectively

T = COS 2 A\a,
(3.7) Y= —Ao,
z= _)\37
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(3.8) Qi (rotv) = 0,ps — Oyps + cos z0;ps = 0

where
¢ L (0.ps — Oyps, Bups, —0ups)
rotv = ———=10, - y U3y —Ux
\/m D2 yp3 D3 D2
(3.9)
B 8T|
Pr = (9.(17k X=V
From (3.9) we deduce that
sinz
—1112)\3=I1p3+(12—11)(p3008~’17+p2. )
sin z
7 .
I1I5sin 2o = '1p2 + (I3 — I)sinz(ps cosx + pz‘smx)
sin z sin z

By introducing the change

p2 = sin z(pug Sinx — g cos x)
P3 = 2 COST + pg Sinx,

we obtain that the system (3.7)and equation (3.8) admit the representation respec-
tively

( t
T = core (I1p1 cosx — Iapg sinx),
I 1
—1
(310) y = m([lﬂl COST — IQ,[LQ sinx)
1
Z2=——([p1sinz + Iaus cosx),
L I 1
(3.11) sin z(sin 20, p12 + cos 204 11) + cos x(cos 20, o — sin 20, p11 — Oy i) =0
Clearly,

1
vl = E(Iw? + Iapi3)

Now we shall study the particular case when (3.11) holds in view of the relations

tan 20, g = — 0y
(3.12) { H2 H1

Orpro = tan 20,11

From the compatibility conditions we obtain the following partial differential equation

0%, 5 0%y Op;
i — = i =1.2
020z +cos Zaxax tsin 2 0z 0, ’

(3.13) sin® z cos z
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Corollary 3.1

Let p1 and po are solutions of the system (3.12), then the function F' = py + 2uq is
holomorphic function on the complex variable w = 75 4 1y; = €"* sin 2.

In fact, after the change u = Insin z from (3.12) we deduced the Cauchy-Riemann
equations

{auﬂ2 - _amﬂl
83:,“2 = au,ul

i.e., the function
F(u+wx) = F(lnw)

is an holomorphic function, hence
{,ul =RF =0,,5=0,Y,
H2 = SFE = (9715 = —8%\1!
as a consequence we obtain that the functions
{ L, = RE(In(y2 + 171))
IQwQ = —SF(ln(’yg + ’L’)’l))

are first integral of (3.3)+(3.4).
Corollary 3.2
If Iy = I5 then W is a first integral of (3.3) and the function U we determine as follow

U = |F(In(yz + 1))
It is easy to show that the solutions of the equations (3.10) in this case are such that

( / d(In(vy1 +172))
F(In(y1 +172))

75 = /1= 22(r) —23(r)

=T — 170

dr
\t"“/ VI 20

Clearly, if uy1, puo satisfies the Cauchy-Riemann condition then they are solutions of
the Laplace equation

Pu; | Py
=0 ) =1, 2.
Oudu + Ox0x i ’
Hence, if
(314 by = X, (@)Yiw), j=1,2

then X and Y are solution of the second ordinary differential equation respectively
(3.15) X () +v* X (z) =0,
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and

17

(3.16) Y (u) —v?Yj(u) =0, j=1,2

where v is a real constant.
Corollary 3.3
Let p1 and po are solutions of the system (3.13), then
Oy u?+10p, u? 02

- et O’ e , ) — 1’2
oudu u—ud Ou + (U2 _ 1)2 OxOx u COS z 7

If we represent p; by the formula (3.16) then X is a solution of the differential equation
(3.17). and Y is a solution of the Fuchsian equation

u?+1 v2u?

(3.17) Vi (u) — Yy (u) — my'(u) =0, j=12

u— u3
The proof we obtain after the calculations from (3.19), after the change u = cos z.

Analogously we can prove the following assertion

Corollary 3.4

Let pq and po are solutions of the system (3.13), then its are solutions of the partial
differential equations

Ppj , 10p; 1 Py,
- — =0, u=sinz, j=1,2
oudu u Ou  u? OxOx  w=sme g

Hence, if (3.14) holds then X satisfies (3.15) and Y is a solution of the Euler ordinary
differential equation

(3.18) w?Y;" (u) + uYj' (u) = v*Y;(u) =0, j=1,2

where v is real constant.
Proposition 3.2
The functions
{ I1w1 = XQ(CE)YQ(U)
IQ(.UQ = —Xl(x)Yl(u)

where X7, X5 are solutions of (3.15) and Y7, Y3 are solutions of (3.16) or (3.17) or (3.18),
are the first integrals of the system (3.3)+(3.4).

Denoting by 71 = sinzsinz, 7, =sinzcosz, <3 = cosz from (3.10)and (3.11) we
obtain the relations respectively

4 Il
§a! 1.1 H173
I
3.19 G o— %
( ) Y2 115 Ha7y3
. —1
V3 = = T1p1y1 + Lap2y2)
0 I 1

14



o _ ﬁuz) — v O + v Opz
0y Om 073 073
We shall study only the case when

sin z(7ys( ) — cos xOypp — sinxOypi =0

Hi = Mj(ZE,Z), j =1,2
Hence, we obtain the equation (3.5).
By compare (3.19) with (3.3) we deduce that

(3.20) Ilwl = U2, IQCUQ = — U1

Corollary 3.5
Let p1, po are such that

jza‘s’(’)/l;’YQ), ]:1,2
;i
then the potential function (3.4) and first integrals are
( 1 08 oS
U= L(=)?+1,(=—))—-h
2[1]2( 1(8’71) * 2(872) )
oS
Liw = —
1w1 v’
08
Iowy = ——
\ 2W2 871’

The following particular cases produces the well known integrable cases[Koz2].

Suslov subcase
If
S = Civ1 + Cye, Cj = const, j = 1,2

then
{lh =Cy, pe=0C

U = const.

hence we obtain the Suslov subcase
The integration of the equations (3.19) produce the following solutions

Cs 1. . . I2C? + 1202 I;Cq cos
= : 22 2 - 2smﬁsm( oL 272 2t+oz)+ 21 ; f >
VIECE + 1303 \/ I I, VIECE + 1303
CqI 1202 + 1202 LC
Yo = 171 sin (3 sin ( 101 + 15 2t+a)_ 1C1 cos 3
JECE 1 2C2 T JEC? 1 3C3

I2C? + 12C2
3 = sin [ cos(( wt%—a)
\ Ll
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where C, Cs, a, (3, are the arbitrary real constants.

Kharlamova-Zabelina subcase

If
2 ~ C C
= h+C Coys)3 —
110124—[2022(\/ + Civ1 + Cay2)” + 201]171 202]272

where h, Cy, Cy, C are arbitrary constants, then

( 1

SN o- I e

Cs

SN o I e

(U =h+Ciy1 + Coyo

C
h
\/ +Cim + Coya + 5T

C
\/ h+ Civi + Caya — 5Cols

As a consequence we deduce the Kharlamova-Zabelina subcase.
The solutions of the equation (3.19) give the following solutions

( Cy C
Lw = ———\/h+ C1y1 + C —,
1wW1 1102 = 1202 \/ 1M 272 — 2Co1,
(&5

Iows = —
2T Lt 02

I.C +C3) + Co(CAT 4+ C.
1 1(7' 3) 2( T 4) :71(7',01,0270&04)

C
h
\/ + Cim + Caya — 201,

Y1 = [1012 - 12022
B L,Cy (72 + C3) — C1(CAT + Cy) B
e 1L,C? 4 1,03 = 72(7, C1,C2, Cs, Cy)
73 = \/]_ - 7%(7_7 Cl; CQ; 03704) - fY%(T, 017C27C37C4) = \/P4(7—, Cl, 02’ 03’ C4)
dr

t=t +Il]2/
= U0
2 J /Py(r,C1,C5,C5,Cy)

where 4C1CoA = 14 C'12 + 12022, and P, is a polynomial of four degree in 7.

Kozlov subcase

If we suppose that I; = Iy and

S=-2Cz+ /D(vf +92)d(7 +73)
hu? + /1 — uu — C?

u?

D? (u) =

where h and C' are arbitrary real constant.
Hence,
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720
’71 + 7

7C
+ 72 D(7 +
,714_,}/2 ( 1 2)

(U=h+\1-7F - =h+

which correspond to the Kozlov subcase.
The equations (3.10) in this case take the form:

5 + Y1 D(vi +73)

M2 =

(. Ccosz
T=—
sin® z
. e
(3.21) j=—s
sin” 2
_ (¥ +1)D(i +73)
\ sin z

which are easy to integrate.
The solutions of the equation of motions are:

4 /YIC

w1 = —5——> +712D01 +7
o i +73 OF +72)
720 2 2
wr = —5—5—nDMOi+~
2 712_‘_7% 1 (1 2)
v3dy3 v3dy3
m:xo-l-C/ —:L'o+C’/
(1_7??)2])(1_7 \/1—’)/3 Py(~s,h,C)
y:yo—C/ &5 / s
(1—7§)2D(1—73 V(L —73)Py(v3, h, C)
d
t:tOHIIQ/ P(%h o)
4\7Y3, 1,
{ Py(7y3,h,C) = h'y;j — 2fy§’ — 2h’y§ +2v3+h — C?

where xg, 4o, h, C, to are arbitrary constants
Tisserand subcase

Another interesting solution of the equation (3.5) are

i = \Jhi a1 (03 +43) + bir? + faln)

po = \/h2 +az(v5 +7) + 0293 + fa(y2)
which produce the following potential function U :

U = Iihy + Ishy 4 (I1by + Iaz)yi + (Iiay + Iabo)ys + (Iiay + Iraz)ys + I fi(y1) + Iofa(72)

17



where aj, b;, hj, 7 = 1,2 are arbitrary real constants and f;, j = 1,2 are arbitrary func-
tions.

The case when f;(v;) = «o;7;, j = 1,2 was studied in [Okuneba], where «;, j = 1,2
are real constants.

The case when f; =0, j = 1,2 is well known as Tisserands case [Koz2].

After integration the equation (3.19) in the Tisserand case we obtain the following
solutions

(

Liw = \/hz + ag(’y§ +’Y%) + bz’yg

IQCL)Q = —\/hl + a1(7§ +’7§) + 61’712

hi1+a; .
v = ! L sin(v/a1 — b1t + C1) = 1(71)

a; — by

ho +az .
Yo =4/ CLZ — b22 sin(y/ag — baloT + Co) = v2(T)
15 = /1= 22(r) = 3(r)

dr
t= to + I1]2/
\ V1—=73(1) = 3(7)

To conclude the construction the Cartesian approach for heavy rigid body in the
Suslov case we analyze the case when v is a Kummer vector field.

Kummer subcase

In view of (3.9) we obtain that v is a Kummer vector field if
0.p2 — Oyp3 = v cos Oz

(3.22) Ozp3 = VA2
Ozp2 = —VA3

Hence we deduce that if

Il = IQ, v=20
then the functions ps, p3 :
{pg = C = const.
p3 = A3(2),

are the solutions of (3.22). By considering the relations between py, ps and pq, ps :

. . D2 =\ . C
p1 = p3sine — ——cosx = A3(z)sine — —5—72
sin 2z sin”® z
B P2 oy
po = p3cosx + ——sin x = A3(z) cosx + —5—1.
sin 2 sin” z

18



By choosing
A3 = sin zD(sin? z)

we obtain the Kozlov case given above.

To conclude we have the following assertion.

Proposition 3.3

The Cartesian approach for the heavy rigid body in the Suslov case produce the first
integrals (3.6).

Example 3.

HEAVY RIGID BODY IN THE VESELOV CASE

In this example we study the problem of non-holonomic dynamics formulated by
Veselov in [Veselov] which in certain sense is opposite to the Suslov problem. In this
problem we consider the rotational motion of a rigid body around a fixed point and subject
to the non-holonomic constraints

(3.23) (v,w)=9y+cosze =0

Suppose the body rotates in an force field with potential U(v1,72,73). Applying the
method of Lagrange multipliers we write the equations of motion in the form

I@z[[wa]%—hxz—g]—F/\v
7=l <]

where I is a matrix such that I = diag(ly, I2, I3).
The Cartesian approach for this system produce the following equations:

T = Ao
(3.24) U = —COS 22

Z= M3
and

Ops dp1 Op2 Ops3

3.25 A A R
( ) ox 0z +cos z( 0z oy )
where

P1 = I3 Sin2 Z/\Q
p2 = (Is — I, + (I; — I) cos® ) cos zsin? 2y + (I; — I3) cos x sin x sin zA3

p3 = (Iysin® 2 + I; cos® 2) Az + (I — 1) sin x cos x sin z cos 2o

19



Hence

3
W1 = Y2—— — V1732
Sin 2

(3.26)

Wy = —M — Y232

sin z
w3 = sin® 2o

Clearly, in this case

2

|[v||* =(I3sin® 2 4 (I; sin® z 4 I cos® x) cos? 2) sin® 2 A3+

3.27
( ) (Iysin® x 4 I cos® x))\g + 2(Is — I) cos x sin x cos zsin zAs A3 = 2(U + h)

or, what is the same

¢ N2 a2 42
[[v]|?> = (® + (I} — Is) coswsinx cos 20)% + (2= 4+ 22 4 BV 11392 = 2(U + h)

L I, I3

P = \/Ig sin? z + (I sin? x + I cos? x) cos? zsin? 2y

(V= \/Ig sin? z + (I sin® & + I cos? ) cos2 z )3

In particular if
pj =pj(z,2), j=12,3.

L =1
from (3.25)+(3.26) we obtain the equation
I3 O\ 0P
[_28_:1:3 - \/IgSiIl2Z + 1 cos?za =0,
for which the functions
(3.28) ¢ =C =const., A3 = A3(2)

are its solutions.
Hence we easily deduced the proof of the following result
Proposition 3.4
Let us suppose that

U="U(vs)
then the system (3.25)+(3.28) admits the following solutions
( C dvs
T=To = 7 2 2
3 (1—’)/3)\/134-([1 \/2 (73 +h(1—'y3) C
Y = 1o — ¢ 736173
Is J (L =93V I3+ (I — I)v3v/2(U(73) + 1) (1 —73) — C?
d
t =ty — V3
V2U(y3) + h)(1 —13) - C?

20



Clearly, in this case there exist the first integral
(I3sin? z + I; cos? 2)w3 = C2.

The proof follow from (3.26)4(3.28).
It is interesting to observe that from (3.25) after the change

coszcosx & coszsinzxn
Is+ (I3 — I3)cos? z I3+ ((I1 — I3) cos? z

Ao COS zsin z =

COS 2 COS TN cos zsin x &

e —
T L+ (I — I3) cos? 2 * I3 + ((I2 — I3) cos? 2

and by require that
pj:pj(xvz)7 J:LQ

we deduce the following equation

233
1+ (a—1)sin?z

0zn
+ (B —1)sin? 2

sin z( + tan z0.m) + cos x( N — tan 20,£) = 0,

where a = f.—z, 6= % If « = § =1 then this equation coincide with (3.11).
Finally it is interesting to observe that the construction the Cartesian approach for
the Federov case [Federov],i.e.,

(w,7) =a
it is necessary in the above example make the change y =Y + at, a = const..

4. CARTESIAN APPROACH FOR NON-HOLONOMIC SYSTEM
WITH FIVE DEGREE OF FREEDOM
AND TWO CONSTRAINTS
This case we shall illustrate in one of the interesting non-holonomic mechanical system:
the rattleback.
Example 4.

THE RATTLEBACK

The rattleback’s amazing mechanical behaviour is a convex asymmetric rigid body
rolling without sliding on a horizontal plane. It is known for its ability to spin in one
direction and to resist spinning in the opposite direction for some parameters values, and
for others values to exhibit multiple reversals. Basic references on the rattleback are [Wal,
Mar, Kar, Bor,Tsyg].

Introduce the Euler angles v, ¢, 6 using the principal axis body frame relative to an
inertial reference frame. These angles together with two horizontal coordinates z, y of the
center of mass are coordinates in the configuration space @ = SO(3) x R? of the rattleback.
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The Lagrangian of the rattleback is computed to be

1 .
L 25(11 cos? ¢ + I sin® ¢ + m(T'; cos @ — sin §)?)6?

1 .

5(11 sin? ¢ 4 Iy cos? 1) sin? 6) + I5 cos® 0)p?

1 .
+ 5(13 + mI'Zsin” 0))? + %(mQ + 7
+ m(Ty cos O — (sin 0Ty sin 004) + (I — 1) sin O sin 1 cos 10

C' cos 0dth + mg(T'y sin 0 + ¢ cos 0)

where I, I, I3 are the principal moments of inertia of the body, m is the total mass of the
body,

I'y =¢&siny +ncosy, I's =Ecosy —nsiny

(&(0,7), n(0,1), ((0,1)) are the coordinates of the point of contact relative to the body
frame.

The shape of the body is encoded by the functions &, n and (. The constraints are

(4.1) {j_alé_azé_%fi):o
y— 10 — B2ty — B3 =0

(a1 = —(I'1 sinf + ¢ cos ) sin ¢,
ao = I's cos @ sin ¢ + I'y cos ¢,
ag =Tysing + (I'y cosf — (sinf) cos ¢,
8ak

=—ZF  k=1,2,3
\ﬁk a¢7 )=

To determine the Cartesian approach of the Rattleback we first determine the vector
field v.

The 1-forms ;, j = 1,...,5 in this case are the following

Ql =dxr — a1d9 - Oégdl/} - (l/gdqb,
Qy = dy — (1dl — Badip — [3do,
Q3 =db, Qu=dy, Qs5=do

Hence Y =1 and

v =A3X3+ Xy + A5 X5
X3 =10, + 410y + 09
X4 = a0y + (20, + Oy,
X5 = a30, + ﬁgay + 8¢

(4.2.)
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The rattleback in the Kummer case

We now proceed to the consideration of the particular case for which &, n and ¢ are
constants. It is easy to show that under this consideration the vector field X7, X5, X3
generated a three dimensional Abelian Lie algebra.

It is evident that the rattleback equations of motion in this particular case formally
contain the equations of the heavy rigid body in the singular case

m—0, mg—1l, [#0

Let (z1, 2%, 23, 2%, 25) be a new set of variables derived from x,, y, 0, 1, ¢ by the
transformation

¢ =2
¢ = a?,
{6 =2a3

y + (sinfcos ¢ — 'y cos@sin ¢ — 'y cos ¢ = z?
|z + (sinfsing +T'y cosfcosp —Iysing = z°

The vector field v and the constraints on account of this change, take respectively the
form

v =a(z!, .., 2°))0p +b(z!, ..., 2°)0, + c(x!, ..., 25)0,s
(4.3) it =0,
.5 0 )
By the above transformation the Lagrangian function L is changed into a new Lagrangian
1O |
L= 2 Z Gjr(x!, ..., 2%)i7 &% + mg(T sin 6 + ( cos 0),
J k=1

where G = (Gj,) is the Riemann metric which is easy to calculate.
We shall now determine the Cartesian approach under the given conditions.
Proposition 4.1
The vector field v given by the formula (4.2) is a Kummer vector field.
Proof. In fact, by considering that in this case the 1-form associated to the vector
field v is the following

o = prdx' 4 poda® + psda®

5
DL = Zij(ac)v(xj)7 k=1,2,..,5
j=1
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then

5
wdo = Z Ajda:j

j=1
( Op1 Op2 op1 Op3
A= (— — == el S

! (8332 Oxl)b (6x3 ox! Je

Op Op Op Op
Ao=(55—753) +(0_x?_8_a:;)

ox3  0x2 ¢
Ay = (5293 3172) (3]93 3171)

ox?  Ox3 ozt 923"
A :_apla_apz _51736
* Ox? ozt Oxt
A :_31?1@_3292 _ap:sc
O Oz ox® 0xd
Let v(z) and rotv(x) are the following vectors
v(z) = (a, b, ¢)
1 Ops Opa Opr  Ops Ops  Om
rotv = - - )

VdetG 022 0x3’ 0x® Ozl 0zl 0a?
We have therefore that the equations (2.2)4(2.3) take the form respectively

it = a(at, 22,23, Cy, Cs)
(4.4) i? = bz, 2% 23, Cy, Cs)

i3 = c(zt, 2%, 23, Cy, Cs)
(4.5) [v X rotv(x)] =0,

hence the constructed vector field is a Kummer vector field.

The rattleback in the Suslov case

We shall now consider the motion of the rattleback with the following set of comple-
mentary conditions

& =const., n=-const., (= const.
(TT+T3)¢=0
¢ + cos Qgﬁ =0

This subcase we call the Rattleback in the Suslov case.

Similarly to the above case we have that the vector field v and equations (3.27) takes
the form respectively

v = —cosxb(x!, .., x%))0p + b(x!, ..., 2%)0,2 + c(a?, ..., 2°) 0,5
.4
- =0,

(4.6) i

Y

it +cosz?i? =0
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( Op2 Op3
Ox! b+ ox! 0
Op2 Op3 Op2
4.7 — —
(4.7 (8x3 8x2)c+(8x1)a 0
Ops  Opa Ops3
\ (61'2 Ox3 )b ozl 0

Now the function pq, ps, p3 are such that
M2+T3=0
=0
p2 = (I1 sin? ¢ + I cos® ¢ + m(?) sin? b
p3 = (I} — Iy) sin sin b + (11 sin® ¢ + I cos? 1 + m¢?)e

and

=0

p1=0

pa = (I sin? ¢ + I cos® ¢ + mI'3) sin® Ob

p3 = ((I1 — I)sinfsintp — mI' Ty sin§)b + (Iy sin? o + I cos? 3 + mI'?)e

(4.8)

From these equations it is evident that in the case when

{ I3 4+T5=0
I =1
we have that
p2 = (I +m¢?)sin® 2°b, p3 = (I +m¢?)e

hence (4.5) are therefore satisfied by this functions if

sin? 23b* + ¢? = K (22, 2°)

Jc 3 0c dsin? z3b,

92 PV o T T 043

3

where K is an arbitrary function on the variables 2, x3.
Hence on taking

sin? 230? = A(2?), c¢=/K(22, 23) — A(22) = ¢(2?)

we see that (4.5) hold. The equations generated by v in this case are

.1 Acosz?
sin” 3
2 A
=753
sin” x
i3 = c(2?)
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which contain as a particular case the system (3.21).
The Rattleback in the general case

For the general case, i.e., when the &,  and ( are functions on the variables 6 and ¥
the Cartesian approach produce the following equations

O Op; Ops Obiy g Ops  Obiy) o)
Z (5xj Oxl + az((‘?xﬂ' 61’4) * B2(8:cj Oxb ))v(x )=0

Op2  Op; Ops  Op, Ops  Op; 7y —
J'—Zl (axj Ox2 + 0‘3(axj 8$4> + ﬁg(@xj ox> >>V(x )=0
5
dps  Op; Ops  Op; Ops  Ip; iy —
\ ; (3xj Oxl + O‘l(axa‘ 8x4) + ﬂl(awj ox® ))V(w )=0
where
{ /lfb — xl? — x27
= xB, y = .T4, xr = aj5
and v is given by the formula (4.2).
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